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The research on some generalizations of the notion of fuzzy set [1] began in early 1963 [2, 3].
The idea of defining “intuitionistic fuzzy set” (IFS) was first published in [2]. Later with
Stefka Stoeva we further generalized it to “intuitionistic L-fuzzy set” [4], where L stands for
some lattice having a special involution (to take care of the negation). Together with Lilija
Atanassova we gave an example [5] for a genuine IFS, which is not a fuzzy set. Analogical
example for intuitionistic L-fuzzy sets is given in [6]. Some basic results on IFS are published
in [7-13]. In [14] a version of a FORTRAN-program package realizing operations, relations
and operators over IFS is introduced. Now a PROLOG-programme package realizing the
same objects is constructed.

With Georgi Gargov, we further generalized the IFS to “interval value IFS” [15].

In the direction of applications we have investigated the so-called “intuitionistic fuzzy
generalized nets” [16] and “intuitionistic fuzzy programs” [17]. It is worth mentioning that, on
the basis of the IFS, a model of a gravitational field of many bodies can be created. This
research was made with Dimitar Sasselov [18]. The IFSs are used in the rule-based expert
systems, in [19] and [20] with Svetlozar Petkov.

This review is based on, and is an extension of the text in [21].

Following [8, 10, 12, 13] we shall introduce the basic definitions and features of IFS.

Let a set E be fixed. An IFS A*in E is an object having the form:
A*= {<X, /,lA(.X), VA(.X)> lx e E}’

where the functions 4(x): E — [0, 1] and v4(x): E — [0, 1] define the degree of membership
and the degree of non-membership of the element x € E to the set A, which is a subset of E
(for simplicity below we shall write A instead of A *), respectively, and for every x € E:

0 < ua(x) + vax) < 1.
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Institute of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences
105 Acad. G. Bonchev Str., Sofia 1113, Bulgaria, E-mail: krat@bas.bg
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Obviously, every fuzzy set has the form {(x, t(x), | — ms(x)) | x € E}.
For every two IFSs A and B the following relations, operations and operators are valid:
A CBiff (Vx e E) (ua(x) < pp(x) & valx) 2 vp(x));
A Biff (Vx e E) (ua(x) < pp(x));
A CyBiff (Vx € E) (va(x) 2 vi(x));
A c Biff (Vx € E) (m(x) < 7(x)),
where my(x) = 1 — ta(x) — va(x);
A=Biff Ac B& B cCA;
A = {(x, va(), () | x € E};
A N B = {{x, min(ua(x), up(x)), max(va(x), va(x))) lx € E};
A U B = {{x, max(ua(x), #p(x)), min(va(x), va(x)) | x € E};
A+ B = {(x, fa(x) + tp(x) = a(x).fp(x), Va(x).Va(x))) I x € E};
A . B = {(x, pa(x).ap(x), Va(x) + Vp(x) = Va(x).va(x)) | x € E};
A-B=AnN B;
A X B ={{(x, y), ta(x).tp(x), Va(x).V(x)) | x € Ey & y € Er},
where E| and E, are two universums and A c E|, B Cc E,.
DA = {{x, ta(x), 1 — a(x)) | x € E};
QA = {{x, 1 — va(x), va(x)) | x € E};
CA={(x,K,L)lxe E},

where K =max x,(x), LzmiélvA(x);

xeE

IA={{(x,k, )| xe E},

where k = mibp,uA(x), [ =maxVv,(x).
Xe xeE

Finally, the operator M: {X| X Cc E & X = {x, y1, ..., e} } = E—{y1, ..., Y&} 1s defined:
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) (Vx € E) (M({x}) =),

2) (Vx, y € E) (((x, ta(x), va(x)) € A &y, pia(y), va(y)) € A —
(UM ({x, y}) = min(L, £a(x) + ta()))
& (va(M({x, y}) = min(max (1 — ta(x) = pa(y), Va(x), va(¥))

3) (Vx, y1, ooy Y € E) M({x, y1, ..., yi}) = M({M({x, y1, ..., Y1 })s Yi}).

The M operator keeps every first element x € E unchanged, and identifies the second element
of E if it exists, with the first element.

Following the fuzzy set from o+level idea, a definition is introduced of a set from (¢, f)-level,

generated by the IFS A, where @, S € [0, 1] are fixed numbers for which &+ £ < 1. Formally
this set has the form:

NgpA) = {(x, ta(x), va(x)) 1 x € E & pa(x) 2 o & va(x) < f}.

In a similar way, the set

No(A) = {(x, ta(x), va(0)) lx € E & pia(x) 2 o},

we shall call a set of a level of membership ¢, generated by A, and the set
N%A) = {{x, ta(x), va(x)) | x € E & va(x) < o},

we shall call a set of a level of non-membership ¢, generated by A.

Let:

E ={NggA)IACcE& o, fe [0,1] & a+ <1},
E,={NJA)IACE & ae [0, 1]},

E;={NYA)IACE& ae [0,1]).

It is proved that the classes E|, E, and E; are filters.

Let e [0, 1] be a fixed number. For the IFS A we shall define the operator D 4A) through:
DA) = {{x, ta(x) + amy(x), va(x) + (1 — @)ma(x)) | x € E}.

From this definition it follows that D (A) is a fuzzy set.

Let a, fe [0, 1] and o+ < 1. We shall define the operator Fs(A) for the IFS A as:

Fap(A) = {(x, a(x) + amu(x), va(x) + fm(x)) | x € E}.
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Theorem 1: For every IFS A and for every &, S e [0, 1], such that o+ < 1:
(@) Do(A) =DA;
(b) Di(A) = 0A;

(©) DdA) = Fo1-oA);

d) F,,(A) = FgaA);

(e) CFapA) C FopCA;

() 1Fgp(A) D FoplA.

Theorem 2: For every two IFSs A and B and for everye, S € [0, 1], such that o+ < 1:
(@) FaplANB)C FopA) N FepB);

(b) FailA U B) D Fus(A) U FaiB);

(c) FapA +B) C FuiA) + FupB);

(d) FapA .B)D FapA) . FouB).

Theorem 3: For every IFS A and for every o, S, I, o€ [0, 1]:
(a) if B+ I'<1, then: DFp(A)) = Dgsp- ap-ar(A);
(b) if a+ <1, then: Fos(D(A)) = DA);

Let &, B € [0, 1]. Here (for the first time) we shall define the new operator

GapA) = {(x, aa(v), Pra)) | x € E).

Obviously Gy,1(A) =A and Gy p(A) =0= {{(x,0,0) | x e E}.

Theorem 4: For every IFS A and for every two real numbers a, S € [0, 1]:
(a) GgpisanIFS;

(b) if @< I then Ggp(A) € Grp(A);
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(¢) if B< I then G4 4A) D Gar(A);

(d) if 77 6 [0, 1], then GofGr,dA)) = GarpdA) = GrdGapA));
(€) Gap(CA) = CGoiA);

() GagIA) =IG44A);

(@) if I7 5 [0, 1] and I'+ 6< 1, then G p(FroA)) € FrodGasA)) CoGasFrdA));

(h) G, 4(A)=GgdA).

Theorem 5: For every two IFSs A and B and for everye, S e [0, 1]:

(@) GapA N B)=GgpA) N Gap(B);

(b) GapA U B) =GgpA) U GapB);

() Gagp(A+ B) C GgpA) + Gop(B);

(d) Ggp(A.B) D GgpA) . Gap(B).

Following [15, 22] we shall introduce the basic definitions of interval valued IFS (IVIFS).

In [15] it is shown that IFS and interval valued fuzzy sets [23] are equipollent generalizations
of the notions of fuzzy sets. But the definition of IFS allows a further generalization.

Let a set E be fixed. An IVIFS A over E is an object having the form:

A = {{x, Ms(x), Na(x)) | x € E},

where M4(x) < [0, 1] and N4(x) < [0, 1] are intervals and for every x € E:
supM4(x) + supNa(x) < 1.

For every two IVIFS A and B the following relations, operations and operators are valid
(by analogy with above):

A Cjnf B iff (x € E) (infMs(x) < infMp(x));
A Crigup Biff (x € E) (supMa(x) < supMp(x));
A Cyint B iff (x € E) (infN4(x) = infNp(x));

A Cogup Biff (x € E) (SupNa(x) = supNp(x));

A c, Biff A C_inf B&A C_sup B;
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ACoyBiff A Coint B & A Cogup B
AcCBiffA CEB&BCEA;
A=Biff Ac B& B CA;

A = {{x, Na(x), Ma(x)) | x € E};

A N B = {{x, [min(infM4(x), infMp(x)), min(supM(x), supMp(x))],
[max(infNy(x), infNp(x)), max(supNa(x), supNp(x))]) | x € E};

A U B = {{x, [max(infM4(x), infMp(x)), max(supM(x), supMp(x))],
[min(infN4(x), infNp(x)), min(supNa(x), supNp(x))]) | x € E};

A + B = {{x, [infM(x) + infMp(x) — infM4(x) . infMp(x), supMa(x) + supMp(x) —
— supMu(x) . supMp(x)], [infN4(x) . infNp(x), supNa(x) . supNe(x)]) | x € E};

A . B = {{x, [infM4(x) . infMp(x), supMa(x) . supMp(x)], [infN4(x) + infNp(x) —
— infN4(x) . infNp(x), SupNa(x) + supNp(x) — supNa(x) . supNp(x)]) | x € E};

OA = {{x, Ma(x), [infN4(x), 1 —supMa(x)]) | x € E};
QA = {(x, [infMs(x), 1 — supNa(x)], Na(x)) | x € E}.
Modifications of the above theorems are valid for IVIFSs.

An operator which associates every IVIFS with an IFS can be defined. Let A be an IVIFS.
Then:

*A = {{x, infM4(x), infNs(x)) | x € E}.
On the other hand, let A be an IFS. Then the following operators can be defined:

#1(A) = {B I B = {{x, Mp(x), Np(x)) | x € E} & (Vx € E) (supMp(x) + supNp(x) < 1) &
(Vx € E) (infMp(x) = pa(x) & supNp(x) < va(x))};

#,(A) = {B | B = {{x, Mp(x), Np(x)) | x € E} & (Vx € E) (supMp(x) + supNp(x) < 1) &
(Vx € E) (supMp(x) < s(x) & infNp(x) = va(x))}.

Theorem 6: For every IFS A:

(@)  #i(A)={BlAcC*B};

(b) #(A)={Bl*BcA}.

Let o, f€ [0, 1]and 0 < o+ B< 1. For the IVIFS A we shall define:

Do(A) = {(x, [infM4(x), supMa(x) + a1 — supMu(x) — supN(x))],
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[infN4(x), supNa(x) + (1 — @).(1 — supM4(x) — supNa(x))]) | x € E}.

Fop(A) = {{x, [infMa(x), supMa(x) + o1 — supMa(x) — supNa(x))],

[infNa(x), supNa(x) + B.(1 — supM4(x) — supNa(x))]) | x € E}.

Modifications of the respective theorems above are valid for IFIVSs.

Finally we shall note that norms and metrics on IFSs are defined in [24, 25].
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REVIEW AND NEW RESULTS ON INTUITIONISTIC FUZZY SETS A C BT (VreE) “'A("' Lm0,

8
Krassimir T. Atanassov where nA\x) z 4 uA(XI = Tﬂ(x):

Inst. for Microsystems, Lenin Boul. 7 km., 1184-Sofia, Bulgaria A:BIffACBABCA
The research on some generalizations of the 1otion of fuzzy set [1]
began i1n early 1963 (2,3]. The idea of defir ng "intuitionistic fuzzy
set” (IFS) was first published in ([2). Later with Stefka Stoeva we
further generalized it to "intuitionistic L-fuzzy set" [4], where L
stands for some lattice having a special involution (1o take.care of ANB = fox MmN (x), @ (0], MAX(Y (K], T (K))>/%EED:
the negation). Together with Lilija Atanassova we gave an exampie (5] A 8 A e
for a genuine IFS which is not a fuzzy set. Analogical exampie for
intuitionistic L-fuzzy sets is given in [6]. Some basic results on IFS AUB = f<x, max(y (x), b (X)), Min(T (x), T (X))>/X€EE};
are published in [7-13). In [14] a version of a FORTRAN;program A 8 A B
package realizing operations, relations and operators over |IFS is
introduced. Now a PROLOG-programme package realizing the same objects A+ B = (<x, B () ()0 ()0 (X), T (X).T (X)>/XEED;
is constructea. A ] A B A 8
With Georgi Gargov, we further generalized the IFS to "interval
value IFS" [15). AL Bz <X, B (). (), T ()T ()=T ()T (x)>/%€EEY;
In the direction of applications we have investigated the, so-called A 8 A ] A B
"intuitionistic fuzzy generalized nets® [16] and “intuitioghistic fuzzy

= {ex, T (X)), P (X)/XEE]
A A

programs™ [17]. I1 i8 wOrtn mentioning tnat, on the basis of the IFS, a A-B:ANE:
mode! of a gravitational field of many bodies can be created. Tnis re-
search was made with Dimitar Sasselov [18]. The |IFSs are used in the AXB = (GY>, ¥ ()0 (), T (X).7 (¥)>/X€E & YEE 1,
rule-based expert Systems, in a research made [19,20] Witn Svetlozar A B A B 1 2
Petkov.
This review i3 based on, and is an extension of the text in [21]. where E and E  are two universums snd ACE , BCE .
A 1 2
Following [8,10,12,13] we shall introduce the basic definitions and
features of IFS. 1
= (ex, B0, 10 (X)>/XEEL;
Let a set E be fixed. An IFS Ax in E is.an object having the form: DA = o odin WY
X e, b (X)), T (X)>/XEED,
A A QA = [<x, 1-7 (X), T (X)>/X€E};
A
wnere the functions b (): E -> [0, 1] and T (x): E -> [0, 1] define s
L A CA = (<x, K, L>/x€E},
the degree of membership and the degree of nonmembership of the element " _ ’
X€E to the set A, which is a subset of £ (for simpiicity below we shall Herel K5 R S SRl TN
write A instead of A¥), respectively, and for every x€E: o
OB 00 T (0 ¢
AR 1A = (<K, K, 13/X€EED,
Obviously, every fuzzy set has the form (<X, ¥ (x), 1-U (x)>/X€E]. where k Zimin L (k); 1.2 MK T (AL
n n X€E A X€E
For every two IFSs A and B the following relations, operations and Finsl 1y Ahe operators i (X/% CIB EXRY a- - e ). &>

operators are valid:

E-{y ,....y ] is defined:
1 K

ACB iff (VXEE) (W (X) £ P (X) & T (X).2 7 (X)):
A B A B
1) (WX€E) (M(Ex]) = %),
AC BTt (VXEE) (W (X) ¢ 1 (0));
o A 8 2) (WX,YEE) (<X, (X).T (X)>EA & <Y,0 (¥),7 (Y)>€A) =>
A A A A

AC B iff (YXEE)(T OO 1 T 00)
o A B W (MUx,yDI=min(1, p ()4 (V)))
A A A

Page 1 Page 2

& (v (MUEX, YD )Eminmax (1-p () -p (¥)),* (0,7 (YD), THEOREM: For every IFS A and for every «,B€[0, 1], Such that Ola+Bifs
A A

(2) D (A) = OA
o

3) YX.Y ey EE)(MUEXLY oo Y D)EMUEMUEXY ooneuY .oy D
1 K 1 K 1 K-1 K
(D) D (A) = ©A;
The M operator keeps every first element x¢E unchanged, and identifies 1
the secona element of E if it exists, with tne first element.
(©) D (A) = F )
Following the fuzzy set from a-level idea, a definition is introduced a o, 1-a
of a set from (x, B)-level, generated by the IFS A, where o, B € [0, 1] U
are fixed numoers for which « + B ¢ 1. Formaily this set has the form: =
(@) F A) = F (A

N (A) = (<X, B (A), T (K)>/XEE & p (X) 2 @ & T (X) ¢ B}, B B.x
«B A A A A
(&) CF (A F CA,
In a similar way, the set «B B
N (A) = (<X, b (A), T (X)D>/€EE & ¥ () 2 al. M IF (A F A
« A A A .8 «B
We snall call a set of a level of memversnip &, generated by A, and THEOREM: For every two IFSs A and B and for every «,BE[0, 1], such
the set . that OtasBi1:
« (@ F (ANBCF (ANF (B);
N (AY = (<X, W (A), T (X)>/X€E & ¥ (x) ¢ ol o.B «B B
A A A
) F (AUBYDF (A UF (B);
we shall call a set of level of nonmembership «, generated by A. a8 B «B
Let:
(©)F (A+B)YCF (A +F (B)
E = (N (A/ACE&« BE[O, 1] &ax+B (1] «,B B B
1 «B
@F (A.B)DF (A .F (B
E = (N(A/ACE &€ [0, 1]} «B a,B «,B
2 «

THEOREM: For every IFS A and for every o,B,r,9€[0, 1}:

«
E = (N (A)/ACE &€ [0, 1]1]
(a) if B+ ¢ 1, then:

3
It is proved that the classes E , E and € are filters.
12 3 o (F ) =0 (A,
- a+B-«. B-at. [
Let a€[0, 1] be a fixed number. For the IFS A we shall define the
operator D through: () 1f &+ B ¢ 1, then:
o
F (0 (M) =0 (M),
D (A) = (<X, P ()+x. 7 (X}, T (X)+(1-Q) . W (X)>/X€EE}, «B T r
« A A A A

(€) 1fa+B ¢ 1anafl +d¢ 1, then:

From this definition it follows that D (A) 15 a fuzzy set.
« (F (M) =F (A).
«B I,9 asf~a.[-2.8, B+3-B.[-B.3
Let o,BE[O, 1] and « + B ¢ 1. We shall define the operator F
«B Let «.PE[O, 1]. Here (for the first time) we snall define the new
for the IF5 A as: operator
Foo(A) = 96, W 00T 00, T (X)+B.T (X)>/x€E]. G (A) = (<x, a.p (x), B.T (X)>/x€E}.
«.B A A A A a.8 A A

Page 3 Page 4
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Obviously G (A) = A and G (A) = Oz [<x,0,05/x€E}

(R} o,
THEOREM: For every IFS A and for every two real numbers «,BE[O, 1]:
(8) G is an IFS;

«B

(b) if «x ¢ T, then G (A) CG (A);
r.e

o,B 0

fc) ifB LT, then G (A) 26 (A
«,B o, r

(@) if ,9€[0, 1], then

G (G (A) =6 (A) =G (6 (AD;
o8 r,9 «.l.B.8 r.e o

(e) G (CA) = CG (A);
o, B «B

() G (IA) = IG [ H
«,B B

(@) if [L0€10, 1] ana [ + 3 ¢ 1, then
6 (F (A)c F (6 (ANEC 6 (F (M)
«B T.9 a r.e oB <© oB T,9

MG (A =6 (A
«,B B

THEOREM: For every two IFS3 A and B and for every o,BE[0, 11:

(G (ANB) =6 (ANG (B
«B «,B «B

(G (AUB) =6 (A UG (B)
« B

B o, 3

(€© 6 (A+BCG (A +6
«B B «,

®);
o, B

@6 (A.BDG (A .G ®);
«B «,B «,B

Following [15,22) we shall introduce the basic definitions of
interval valued IFS (IVIFS).

In [15] it is shown that IFS and interval valued fuzzy sets [23] are
equipollent generalizations of the notion of fuzzy sets. But the
definition of IFS allows a further generalization.

Let a set £ be fixed. An IVIFS A over E is an object having the form:

A = [<x, M 00, N (X)>/x€E],
A A

Page 5
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DA = {<x, M (x), [infN (x), 1-supM (x)]>/x€E};
A A A

QA = (<X, [INfM (X), 1-SUPN (X)], N (X)>/X€E}.
A A A

Modifications of the above theorems are valid for IVIFSs.
An operator which associates every IVIFS with an IFS can be defined.
Let A be an IVIFS. Then:
®A = [<x, infM (x), infN (x)>/x€E].
A A
on the other hand, let A be an IFS., Then the following operators can
be defined:

# (A) = {B/ B = [<x, M7(X), N (X)>:X€E) & (¥X€EE) (SuPM (x)+
1 [:] B B
SUPN (x) ¢ 1) & ( X€E) (infM (x) 2 p (x) & 3upN (x) ¢ 7 (X))}
8 B A B A
B (A) = B/ B = (<X, M (X), N (X)>IX€E] & (VxEE) (SUPM () +
2 B B B
SUPN (x) ¢ 1) & ( X€E) (SupM (x) ¢ p (X) & infN 0O 1 T (x))]
B B A B A

THEOREM: For every IFS A:

(2) # (A) = {B/ A C ¥B].
1

(b) # (A) = {B/ »B C Al.
2

Let «,BE[O, 1] and O ¢ « + B ¢ 1. For the IVIFS A we shall define:
D (A) = {<x, [infM (x), SUPM (X)+a. (1-SUPM (x)=SupN (x))],
o A A A A

[INPN (X), SUPN (x)+(1-0). (1-SUPM (X)-SUPN (x))1>:x € EJ,

A A A A

F (A = (<x, [infM (X),SuPM (X)+a. (1-SUPM (X)-SUPN (X))
«, A A A A

CinfN (x),SupN (x)+B. (1-SUPM (x)-SuPN (x))])>:x € E}.
A A A A

Modifications of the respective theorems above are valid for IVIFSs.

Finally we shall note that norms and metricses on IFSs are defined
in [24,25).
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