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Following the ideas from [1] and using the notation from there, we shall construct two
variants of intuitionistic fuzzy modal logics (IFMLs). The modal logic axioms used are
from [2].

1. sg-variant of IFML
For a proposition p for which:

V(p) =<a, b)
we shall define the following operations (from [1]):
V(_‘p) = <b1 a>

V(p & q) = (min(x(p), 1(a)), max(v(p), v(a)))

V(p v ) = (max(u(p), «(9)), min(v(p), v(a)))

V(p 20) =1 - (1 - u(@))-59(u(p) — u(a)), v(p)-(u(p) — u(1)).s9(v(a) - v(p)))
where

sg=1,ifx>0andsg=0,ifx<0,

and operators (new definitions)

V(Op) =(a, 1-a),

V(Op) =(1-b, b).

Let the truth value function V be defined such a way that for propositions p, q, r:
=V(p) = V(=p),

V(p) A V(@) = V(p & 0),

V(p) v V(q) = V(p v q),

V(p) - V(a) =V(p > q),
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OV (p) =V(Op)
OV(p) =V(Op)

and we shall construct a sg-variant of an IFMC.

Let everywhere:

V(p) = (a,b)
V(q) = {c.d)
V(r)={ef)

Initially, we shall prove the following:

Theorem 1.1: The following assertions are tautologies ([2, Paragraph 13.1]).

@ (pVq) Dp,

(b) p2(pVa),

© (pvaq) D (qVp),

) (p2g)D((rvp)>(rva)).

Proof:

D V((p>g)>((rvp)>(rvag)))
= ({a,0) = (c,d)) — ({(max(a,e), min(b, f)) = (max(c,e), min(d, f)))
=({1—(1—c)sgla—c),dsgla—c),sg(d—>b)) — (1 — (1 —max(c,e).sg(max(a,e)
—max(c,e)),min(d, f).sg(max(a,e) —max(c,e)).sg(min(d, f) — min(b, f)))
= (I — (1 —max(c,e)).sg(max(a,e) —max(c,e)).sg((1 —max(c,e)).sg(max(a,e)
—max(c,e)) — (1 —c).sg(a—c),min(d, f).sg(max(a,e) —max(c,e)).sg(min(d, f)
—min(b, f)).sg((1 — max(c,e)).sg(max(a,e) —max(c,e)) — (1 —c).sg(a—c)).sg(min(d,

f)-sg(max(a,e) —max(c,e)).sg(min(d, f) —min(b, f)) —d.sg(a—c).sg(d —b)))
if a < ¢, from sg(max(a,e) — max(c,e)) =0
= (1,0)
if a > ¢, then:

= (1— (1 —max(c,e)).sg(max(a,e) —max(c,e)).sg((1 —max(c,e)).sg(max(a,e)
—max(c,e)) — 1+ c¢),min(d, f).sg(max(a,e) — max(c,e)).sg(min(d, f)
—min(b, f)).sg((1 —max(c,e)).sg(max(a,e) —max(c,e)) — 1 +¢).sg(min(d,
f).sg(max(a,e) —max(c,e)).sg(min(d, f) — min(b, f)) —d.sg(d — b)))

if e > a, (hence e > ¢), from sg(max(a,e) —max(c,e)) = 0:
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= (1,0)
if a > e, from max(c,e) < a and sg(c — max(c,e)) = 0:

= (1— (1 —max(c,e)).sg(c —max(c,e)),min(d, f).sg(min(d, f), min(b, f)).
sg(c —max(c,e)).sg(min(d, f).sg(max(a,e) —max(c,e)).sg(min(d, ) — min(b, f))
—d<-18g(§>d—b))>

(a)-(c) are proved analogically. U

Theorem 1.2:

(a) If p is a tautology, then Lp is also tautology.
(b) O(p D ¢q) D (Op D Og) is a tautology.

(c) Up D pis a tautology.

Proof: (a) From the condition that p is a tautology follows that V(p) = (1,0). Hence,
V(Op) = (1,0), i.e., Op is a tautology.

(b) O(p 2 ¢) > (Op 50q)

=01 —(1—c).sgla—c),d.sg(la—c).sgd —b) — ({a,1—a) — (c,1 —c)
(1—(—c)sgla—c),(1—c)sgla—c)) = (1—(1—c).sgla—c),(1—c).sgla—c)?)
8 —O>(1 —c).sg(a——c).sg(0),(1—c).sg(a—c).sg(0)?)

(c) is proved analogically. O

Let for a given propositional form A (c.f. [1,3]):

A denote —[J—A,
A = B denote [1(A D B),
A < B denote [J(A =B),

where A = B denotes (A D B)&(B D A).

Theorem 1.3: The following assertions are tautologies ([2, Paragraphs 24.0 and 24.1]):

(a) 0P = O—P,
(b) OP = —O-P,
(¢) =P =0-P,
d) &P =-0-P,
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(€) PO P,
(f) OP D OP.

Proof: (a) V(OOP = HOP)
= ((l-a,a) = (1 —a,a))&((1 —a,a) = (1 —a,a))

= (1—a.sg(0),a.sg(0)?)

The other assertions are proved analogically. U

Theorem 1.4: The following assertions are tautologies ([2, Paragraphs 24.2 and 24.3]):

() O(p&q) = (Op&llyg),

(b) (OpvOqg) > 0(pVa),
(©) O(pVa) =(OpVOq),
(d) O(p&q) D (Op&dq),

e) ¢(p&q) O <p,

® (p=q) > (Op>Lg),
(@ ((p=q)&Up) D,

(h) (p<q) D (Op=Lg).

Proof: (a) V(O(p&q) = (Up&q))

= (O(min(a,c),max(b,d)) — (min(a,c),max(l —a,1 —¢)))&
({min(a,c),max(1 —a,1 —c)) — O(min(a,c),max(b,d)))

= (d(min(a,c),1 —min(a,c)) — (min(a,c),1 —min(a,c)))&
({(min(a,c),1 —max(a,c)) — O(min(a,c),1 —min(a,c)))

= (1,0).

(b)-(h) are proved analogically. O

Theorem 1.5: The following assertions are valid ([2, Paragraph 24.4]):

(a) If A= B is atautology, then [1A D [IB is a tautology.
(b) If A & B is a tautology, then [IA = LB is a tautology.

Proof: (a) Let for a given A and B: V(A) = (a,b), V(B) = (c,d), A = B is a tautology, i.e.,
V(A = B) = (1,0). Hence:

O({a,by — {(c,d)) = (1,0),

ie, 1 —(1—c).sgla—c)=1,ie.,c=1ora<c. Therefore a < c. Then:

V(OADOB) ={(a,1 —a) — {c,1—¢)

=(1—(1—c).sg(a—c),(1—c).sgla—c)?
= (1,0).
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(b) is proved analogically. U

2. (max-min)-variant of IFML
Here we shall save all notations from [1], without the notation of the implication. For the last
notation here we shall use the definition from [1, Paragraph 2]:

V(p 2 q) = (max(v(p),u(q))min(u(p),v(q))),

and also:

V(p) = V(g)=V(p>aq).

Here we shall use the definition of intuitionistic fuzzy tautology (IFT) from [1]:
pisanIFTiff V(p) = (a,b) and a > b.

The theorems from [1] will be again proved for the new variant.

Theorem 2.1: The following assertions are IFTs:

(@ (pVq)Dp,
() pD(pVa),
© (pVq) D (qVp),
d (p2g)D>((ro>p)D>(r>q)).
Proof: () V((p2q) D ((r>p) D(r>q))))
= ({a,b) — (c,d)) — ({max(a,e),min(b, f)) — (max(c,e),min(d, f)))

= (max(b,d),min(a,d)) — (max(c,e,min(b, f)),min(d, f,max(a,e)))
= (max(min(a,d),c,e,min(b, f)),min(d, f,max(a,e),max(b,d)))

and

max(min(a,d),c,e,min(b, f)) — min(d, f,max(a,e),max(b,d))
> max(min(a,d),c,e) —min(d, max(a,e))

ifa>d
= max(d,c,e) —min(d,max(a,e)) >0
ifa<d

= max(a,c,e) — min(d, max(a,e)
> max(a,e) — min(d, max(a,e)) > 0.

(a)-(c) are proved analogically. O
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Theorem 2.2:

(@) J(p D ¢q) D (Op > Lgq) is an IFT,

(b) Up D pis an IFT.

Proof: (2) V(O(p > q) > (Op > Og))

= O(max(b,c),min(a,d)) D ({a,1 —a) D {c,1 —¢))

= (max(b,c),1 —max(b,c)) D (max(1 —a,c),min(a,1 —c))
= (max(1 —max(b,c),1 —a,c),min(a, 1 — c¢,max(b,c)))

and
max(1 —max(b,c),1 —a,c) —min(a,1 — c.max(b,c))
=2(1 —max(b,c),1 —a,c)— 1.

Let us assume that:

1
max(1 —max(b,c),1 —a,c) < 3

1 1 1 1 1
Hence: max(b, c) >—,1—-a<-andc< 5 Therefore, b > 3 and a > 3 which is a contradiction.

2 2
Hence,
1
max (1 —max(b,c),1 —a,c) > 7
with which (a) is proved.
(b) is proved directly. 0

Theorem 2.3: The following assertions are IFTs:

(@) "Op=3S-p,
(b) Up=—--p,
(¢) =Op=L-p,
(d) ¢p=-U-p,
(e) p2Op,

® Up > Op.

Proof: (a) V(-Op = $—p)

= (=(a,1 —a) — {b,a)) &(1{b,a) — —{a,1 —a))
=((1—-a,a) = (1—a,a))&((1 —a,a) = (1 —a,a))
= (max(a,1 —a),min(a, 1 —a)), which is an IFS.

(b)-(f) are proved analogically. ]
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Theorem 2.4: The following assertions are IFTs:

(@) O(p&q) = (Op&llg),
(b) O(pVvq) >O(pVa),
© ¢(pVva)=(OpV ),
(d) O (p&q) D (Op&<Oq),
(e) O(p&q) O <Op,
® (p=4q) > (Op>Lg),
(@ ((p=q)&p) D,
() (p=4q) 2 (Or><q),
(1) ((p=q9)&Op) D Og,
@ (p=q) > (Op=0DLyg),
(k) (P q) 2 (Op=<q).

Proof: () V(O(p&q) = (Op&Ulyq))

= (O(min(a,c),max(b,d)) = ({(a,1 —a) A{c,1—¢))) A (({a,1 —a)A
{(c,1—=c)) — {min(a,c),max(b,d)))

= (O(min(a,c),1 —min(a,c)) — (min(a,c),max(1 —a,1 —c)))A
({min(a,c),max(1 —a,1 —c)) — (min(a,c),1 —min(a,c)))

= (max(min(1 — min(a,c),min(a,c)),min(a,c,max(1 —a,1 —¢)))A
(max(max(1—a,1—c¢,min(a,c)),min(a,c,1 —min(a,c)))

= (min(max (1 — min(a,c),min(a,¢)),max(1 —a,1 — ¢, min(a,c)),
max (min(a,c,max(1 —a,1 —c)),min(a,c,1 —min(a,c)))))

= (max(1 —a,1 —¢,min(a,c)), min(a,c,max(1 —a,1 —c)))

and

max (1 —a,1 —c,min(a,c)) —min(a,c,max(1—a,1 —c))
> min(a,c) —min(a,c,max(1—a,1—¢)) >0

The other assertions are proved analogically. U
Theorem 2.5: The following assertions are valid:

(a) If A= Bis an IFT, then [JA D [B is an IFT.

(b) If A = Bis an IFT, then {A D B is an IFT.

(c) If A< Bis an IFT, then [JA = [IB is an IFT.
(d) If A & Bis an IFT, then $A = {B is an IFT.

Proof: (a) Let A = B is an IFS, i.e., V(A = B) = (max(b,c),1 — max(b,c)). Therefore:
max (b,c) > 3. Let us assume that for

V(CA D OB) = (max(1 —a,c),min(a,1 —¢))
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it is valid: max(1 —a,c) < min(a,1 —c). Then: a > %,a >c,c< % Therefore, b < 1 —a < %
i.e., max(b,c) < % which is a contradiction, i.e., [ 1A D B is an IFT.

(b)-(d) are proved analogically. ]
3. Remarks to the preprint IM-MFAIS-5-88 [1]

To sg-variant and (max-min)-variant of the intuitionistic fuzzy propositional calculus (IFPC)
we shall add some new results.

Obviously every tautology is an IFT. Hence Theorem 2 [1] is valid about IFT and the following
assertion also is valid (in the condition of this theorem there exists a mistake — A, B and C are
propositional forms):

Theorem 3.1: If A, B and C are propositional forms, then
(FAD-B) D ((-ADB)DA)isanIFT.

Proof: (FAD-B) D ((FADB) DA)
= (b,a) = (d,c)) = ((1— (1 —a).sg(b—rc),d.sg(d —a)) — (a,b))
(1—(1—a)sg(l—(1—a).sg(b—c)—a).sg(1—(1—a).sg(b—c)—a)—
(1—d).sg(b—d).bsg(1—(1—a).sg(b—c)—a).sg(b—d.sg(b—c).sg(d—a))
sg((1—a)sg(1—(1—a)sg(b—c)—a)—(1—d).sg(b—d)).sg(b.sg(l—(1—a).
sg(b—c)—a).sg(b—d.sg(b—c).sg(d—a)0—c.sg(b—d).sg(c—a))) and: (1—(1—a).sg(1—
(1—a).sg(b—c)—a).sg(l—(1—a)sg(b—c)—a)—
(1—d).sg(b—d).b.sg(1—(1—a).sg(b—c)—a).sg(b—d.sg(b—c).sg(d—a))
if b > ¢, from: sg(1—(1—a).sg(b—c)—a)=sg(l1—(1—a)—a)=0

= (1,0);
ifb<c:

=1-—(1—-a)sg((l—a)—(1—d).sg(b—d))—b.sg(l—a).sg(1—a—(1—d).sg(b—d))
sg(b.sg(l—a)—c.sg(b—d).sg(c—a);

ifb>d:
>a—b.sg(l—a).sg(b.sg(l—a)—csg(c—a));
if c > a:
=a—bsg(l—a)sg(bsg(l—a)—c)>a—bsg(b—c)=a>0;
ife<a:
>a—b.sg(l—a).sg(bsg((1—a))>a—bsg(l—a)>a—b>0. O

Three variants of the Modus Ponens are valid for (max-min)-variant of the IFPC.
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Theorem 3.2:

(a) If A and A&B are IFTs, then B is an IFT.
(b) If A and —~(A D B) are IFTs, then —B is an IFT.
(c) If (A&(A D B)) D Bis an IFT.

Proof: (a) Let us assume that ¢ > d and by the above conditions a > b and min(a,c) >
max(b,d). Then: d > ¢ > min(a,c) > max(b,d) > d, which is a contradiction, i.e., ¢ > d.
Hence, B is an IFT.

(b) Let us assume that ¢ > d and by the above conditions: a > b and min(a,d) > max(b,c).
Then d > min(a,d) > max(b,c) > ¢ > d, which is a contradiction, i.e., ¢ < d. Hence —B is an
IFT.

(c) V(A&(A D B)) D B)

= (a,b)&((a,b d))) = ¢

= ((a,b)& max(b c) mln( )>) c,d
mln(a max (b, ¢)), max (b, min(a, d))}
max (b, c,min(a,d)), min(a,d, max (b,

)
— {¢.d)
c)))-

max (b,c,min(a,d)) > min(a,d) > min(a,d, max(b,c))

follows that (A& (A D B)) D B is an IFT. O
Theorem 3.3: A O (-A D B) is an IFT.

Proof: V(A D (A D B))

= (a,b) — (max(a,c),min(b,d))

= (max(a,b,c),min(a,b,d)).

The validity of the assertion follows from the inequalities:

max(a,b,c) > a > min(a,b,d).
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Facsimiles

IM-MFA1S-3-89 2 -

v(p) = <a, b3,
v(a) = <c, d>,
Yir) = e, .
initially, we shall prove tne following

TWO VARIANTS OF INTUITIONISTIC FUZZY MODAL LOGICS
Krassimir T. Atanassov

inst. for Microsystems, Lenin Boul. 7 km., Sofia-1164, BULGARIA THEOREM 1.1: The following assertions are tautologies (13.1 [2]).

{a) (p % p) 2P,
o) P D (P ¥ a),

) (p¥49) 2 (9P,
Following the ideas from [1] and usng the notation from there, @) (PDg) D ({r%p)yo(rxa)),

we shall construct two variants of intuitionistic fuzzy modal Proof: (d) V((P 2 4) D ({r ¥ p) 2 (r*aq))

logics (IFML8). The modal logic axioms used are from [2]. = (<a,b> 5 <¢,d>) 3 (<max(a,e),min(k,f)> 5 <max(c,e),min(d, 3>

= 24-(1-¢) . 89({a-c),d.8a(a-c},8¢(d-R)> 5 <1-(1-max(c,e)).
ag(max(a,e)-max(c,e)),min(d,?). sg{max(a,e)-max(c,e)).sg(min(d, )

1. -8g-variant of IFML —min(p,£1)>
= <i-(1-max(c,e)).sg(maxia, e)-max(c,e)).sg((1-max(c,e)). .sg(max(a,
For a proposition p for which: e)-max(¢,e))~{1-¢).8g{a-¢c)), min{d,?). . sg(max(a,e)-max(c,e)).
v(p) = <a, b> sgimin(d, f)-min(b,?)) . sg((1-max{c,e)) sg(max(a,e) -max(c,e)) -
we shall define the following operations (from (i (1«0)‘3g(avc)),sg(m‘n(d.ﬂ.sg(max(a,e)—mak(c.e)),sq(min(d.f)—
Y(Ip) = <b,y a>, min (b, ?))-d.8g(a-c) . 8g(d-0)}>
VP & Q) = <mMin(¥(P), V(A)), Max(¥(P), 7(aA))>, if a & ¢, from sg(max(a,e)-maxic,e)) = 0O:
Yip ¥ q) = <max(y(pf. pay), min(r(p), v(a))>, = <i, 03
Vip D a) = <1 - (1 - p(a)).8aw(pP) - (), 7(A).84(M(P) - w(q)) it a > ¢, then:
.sg(r(a) - Y(P))>, = ¢1-(1-max{c,e)).sg(max(a,e)-max(c,e)) .89 ((1-max(<,e)).sg(max(a,
where e)-max(c,e))-1+c), min(d,f).sg({max(a,e)-max(c,e)).sg(min(d,f)-
ag(x) = 1, if x > 0 and sg(x) = O, if x & O, min{p,¥)).sg({1-max (¢,e)) .99 (Max (a,e) -max(¢,e))-1+c).sg(min(d,
.and operators (new definitions): +).8g(max(a,e)-max{c,e)).sg{min{d, #)-min (b,*¥))-d.8g(d-p))>
v{op) = <a, 1-a>, it et a {(hence e > 2), form
Viop) = <1-b, b>. sg{max(a,e)-max(c,e)) = 0
Let the truth value function V be defined such a way that for = ¥ 035
sropositions p, q, ri it a > e, from max(c, €) ¢ a and sgi{¢-max(c,e)) = 0
WR) = V(P = zi-(1-max(c,e)).9g{c-max(c,e)), min{d,P).squmin(d, f)-min(o, ).
VP) A V(Q) = V(P & Q), sg(e-max(c,e)).sgmin(g, ). sg(max(a,e)-max(c,e)) . saimin(d,f)-
VP) v V(Q) = V(P ¥ a), min (b,¥))-¢.8g{d-0))>

Y(pP) = V() = V(P D Q).
o v(e) = voip)
0 V(P) = V(0P
and we snall construct a sg-variant of an IFMC.

{a) -(¢) are proved analogically.
THEOREM 1.2: (a) I  is a tautology, then Dp is also tautology:
(0) Ofp D @) D (DP > O4) is a tautology:

Let everywhere: (¢) op D p is a tautoiogy.

Page 1 Page 2

- 3 =
Proof: (a) Frem the condition that p is & tautology follows that:
vip) = 1, 0>

-4 -
{g) ({p = q) & ppP) D 0O4a,
th) (p & a) O {OP = 09) .
Proof: (a) v(O(p & Q) = (Op & 04))
= (m<min(a, <), max{b, d)> 5 <min(a, ¢), max{i-a, 1-¢)>) &
(<mina, <), max(i-a, 1-¢)) - pmin(a, <3, max(b, d1>)
teminta, ¢}, 1- min(a, ¢)> = <minfa, ¢, t-min(a, ¢)>) &

Hence
vor) = <1, 0>,
i.e. OP is a tautology.
(e} V{o(p 2> q) D (OP D 04))
= O<i-(1-¢) .8g(a-¢), d.s8g(a-c¢).s8g(d-b)> - (<a, 1-a> - <¢c, 1-¢>)

= <1-(1-¢).8g9(a-¢), (1-¢).s8g(a-¢c)> - <1-(1-¢).sg(a-<), (1-¢).

c<min(a, ¢), i-max(a, ¢)) = <min(a, <), f-minfa, =13)

= <1, 03,
sg(a-¢)? >
° fp) - (h) are proved analegically.
= (1-{1-¢c).sg(a-¢}.86(0), -e). -¢).
SIPEI RRIATE SRR HIEGN geta i se The other assertions in 24,3 from [2] are not valid here.
= <1, 0>,

THEOREM 1.5: The following asasertions are valid (24.4 in [21):

¢ s roved .
ter s e analoegically fa) it A= B iz a tautelogy, then OA 3 OB is a

Let for a.aiven-propositional form A (¢.f. [1,31):
0A denote 1D7IA,
A = B denote O(A > B),

tautelony,
b) if A G B i3 a tautclogy, then DA = OB is a

tautology.
A% B denols O(A = 81 Proof: fa) Let for given A and B: V(A) = <a, br, V(B) = <¢, d»,
where
A =8B i3 a tautolegy, i.e. Y(A = B) = 21, 0>, Hence:

A = B denote (A D B) & (B3 A).
THEOREM 1.3: The following assertions are tautclogies (24.0 and
24,1 in [2]):
(a) op = 0P,
{k) OP = 107P,

g{<a, b» =5 <¢, 4> = <1, O,
i.e. 1-{1-c¥.sgfa-¢} = 1, i.e. ¢ = 1t or a ! . Therefore a i ¢.
Then:
YDA o OB) = :a.l
1-(1-¢).8ga-¢), (1-¢).39({a-¢)?>

-a> o €¢, 1-o>

€)1 .

(¢) 0P = 0P =21, 0,

ta3 Op w DR {b) is proved analegically.
e) p D 0P,

(f) OP D 0p.

Proof: (a) V(0OP = 00P)

= {<i1-a, ar 5 <1-a, a») & (<1-a, a> 3 <1-a, a»)
= <1-a.89(0), a.8g(0)?>

= <1, 0>

2, (max-min)-variant of IFML

Here we shall save all notations from 4. without the notation
5P the implicaton, For the last notation here we shall use the
definiton from 2. [11:

Vip D a) = <max(r(p), W(a)), Mmin(p(e), v(a))>,

IThe other assertions are proved analogically.
THEOREM 1.4: The following assertions are tautologies (24.2 and
24.3 in [2]):

and also:
(a) O(p & Q) = (OP & 09), Vip) 4 V(3) = V(P D A}
(0) (Op ¥ D9) 2 O(P ¥ q), Here we anall use the definition of intuitieniatic fuzzv tau-
M
(e) otp ¥ a) = (0p ¥ Qa), tology (IFT) from [1]: p is.an IFS iff V(p) = <a, b> and a 1 b,
(@) 0lp & Q) D (0P & 0q), The theorems from 1. will be again proved for the new variant.
e) o(p & a) D 0p,

THEOREM 2.1: The foliowing assertions are FTs:

(f) (p = 9) D (0P D 0A), (a) (PXp) o
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Y p 3 (P XA, Proof: (a) V{Op = 01p)
e (P ¥ a) 3 o(a %), = {1<a, 1-a> 5 p<b, ax) & {(O<b, a> o <a, i-ay)
{4Y (p D Qq) 3 {{r*xp)D(rxaq)). = {<t-a, a> 5 «<1-a, a>) % (<1-a, a> = <1-a, a»)
Proof: (d) V({p D q) 2 ({r % p) D (ra))) = imaxfa, a), minta, 1-ars,
= fa,br 5 <c,d>) 3 (<max{a,e), min(b,f)> 3 <max(c,e), min(d,f)>) which is an IFS,
= max{b.d), min(a,d)> 5 <max{c,e,min(b,f)), min(d,f max(a,e))> {b) - {f) are proved analeogically.
= zmaxfmin(a,d),<c,e.min(b,f)), min(d,f ,max(a,e).max(b,d))> THEOREM 2.4: The following assertions are IFTs:
and {a) O(Pp & 9) = (0P & DAY,
max{min(a,d),<,e,min{b,f)) - min(d,f.,max{a,e),max(b,d)) {k) (OP ¥ pa) > O(P ¥ q),
! max{min(a,d),c.e) - min{d,max(a,e)) (¢} ¢(p ¥ q) = (0P ¥ 0q),
it a2 d: (d) 0(p & 9) D (0P & 04),
= max(d,c,e) - min(d,max{a,e}) : O; fe) ¢(p & Q) > ¢p,
it a < d: (f) (P =4 > (OPp DO,
= max{a,c,e} - min(d,max(a,e)} (g) ({rp = 4q) & OP) D DA,
L max{a,e) - min(d,max(a,e)) : O. h) (P = 4d) 3 (0P 2 QI),
{a)- (¢) are proved analogically. (i) {({p 3 a) & 0P) D 04,
THEOREM 2.2 (a) O(p 2 9) 2 (0P 3 04) i3 an IFT, (i) (P & q) D> (Op =Dq).
by Op 3 P i3 an IFT, fK) (P ®a) 2 (0p = 0a).
Proof: {(a} Y(O(p 2 a) D (OP > 04)} Proof: (a) V(O(P & 9) = (OP & 09))
= g<maxi{b,<), min{a,d)> 3 (<a,1-a> D <&, 1-¢3) = (O<min(a,¢), max(b,d)> 5 {(<a,1-a> *» <c,1-¢>)) ~ ((<a,i-8> *
: smax(b,¢), f-max{b,c)> D <max(1-a,¢), min(a,1-¢)> €, 1-¢3) 5 gmin(a,c), max(b,d)>)
= zmax(1-max{b,¢},1-3,<¢), min{a,1-¢,max(b,¢c))> = {<minta,¢), i1-min(a,¢)> 5 <min(a,c), max(i-a,1-¢)>) ~
and {<min(a,¢), max(i-a,1-¢)> 5 <min{a,¢), 1-min(a,<)»)
.max(i-max({b,¢c),1-3,¢) - min(a,1-c.max(b,c)) = <max(i-min{a,c¢) ,min(a,¢)), minfa,c,max{1-a, 1-¢))> ~
= 2.max(1-max(b,c},1-a,¢) - 1 imaxfi-a,1-¢,min(a, <)), mrn‘(a,c,hmnn(a,c));

Let us assume ‘that:
max (1-max(b,¢);1-8,8) < 1/2.

Hence: max(b,¢) > 1/2, t-a < 1/2 and ¢ < 1/2, Therefore: b > 1/2 = <maxfi-a,1-c,min(a.c)), min(a,c,max(1-a.1-¢))>

wmin{max{1-min(a, e}, minfa,¢)), max(i-a.1-c.min(a,c))),
Mmax(min(a,c.max(1-a,1-¢)), minfa.,c,t-minfa,2)})>

and a > 1/2 which is a contradiction. Hence and
max (1-max(b,¢), 1-a,¢) 1 1/2, max(1-a,1-c.minfa,=}) - min(a,c,max(1-a, 1-c3)

with which (a) is proved. 1 minta.s) - minfa,c,max{i-a,1-¢ci3 : O,

(b) is proved directly. The other assertions are proved analogically.

THEOREM 2.3: The following aspertions are IFTs: THEOREM 2.5: The following assertions are valid:
(@) 0P = 0P, fa} if A= B is an IFT. then OA 2 DB is an IFT,
(0) op = 101P, (b3 if A3 B is an IFT, then 0A D 0B is an IFT,
(e) 10p = OP; (¢} if A® B is an IFT, then DA = QB is an IFT.
(d) op = 107P. f4y if A & B i3 an IFT, then 0A = 0B is an IFT,

(e} P D 0P, Preof: {a) Let A =3 B is an IF5, i.e.

{f) op D 0p. YIA = B)Y = <max(b, <), 1-max(b, ¢)>.
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Therefore: max(b, 5} ! 1/2. L&t us assume. that for ) a-b.sa(1-a).8a(b.8g(1-a)) ! a-b.3g(1-2) 2 a-b ! O,
V(DA D OB) = <max(1-a, ¢). minfa, 1-c)>
it i3 valid: max(1-a. ¢) < minfa, 1-¢). Three variants of the Modus Ponens are valid for (max-min).-
Then: a > 1/2. a ¢ ¢ 172, Therefore b ¢ t-a < 1/2, i.e. variant of the IFPC,
max(b. <) ¢ 1/2, which is a sontradiction, i.e. DA > OB is an IFT. THEOREM 3.2: (a) If A and (A & B) are IFTs, then B is an IFT,
(b1 - (d) are proved analogically. (b) 1t A and (A 3 B) are IFTs, then 1B is an IFT,

f¢) (A &k (ADB)) B ig an IFT.
Proof: {a) Let us assume tnat ¢ < d and by the sbove conditions

2. Remarks to the preprint IM-MFAI5-5-88, are valid: a ! b and min(a,¢) ! max(p,d).
Then: d » ¢ 2 minfa, €) ! max(b, &) 2 d, which is a contradiction,
To asg-variant and {max-min)-variant of the intuitionstic fuzzy i.e. ¢ ! d. Hence B is an IFT.
propesitional calculus (IFPC) we shall add some new resulis. (b) Let us assume that ¢ > d and by the above conditions: a ! b
obviously, every tautolegy is an IFT, Hence theorem 2 [1] s and minfa,d) : max(b,c). Then
valid about IFT and the following assertion also is valid (in the d ! min(a, d) @ max{b, ¢} 2 ¢ > d
sondition of this thecrem there exists a mistake - A, B and C are which is a contradiction, i.e. ¢ ¢ d. Hence OB is an IFT.
propositional forms): fc) V({A & (A DB)) 28
THEOREM 2.1: if A. B and ¢ are propesitional forms, then S (<a. by & (<a, b> 9 <¢, 4»)) 3 <¢, 4
(1A 3 1BY D ({1A 2 B) D A) is a IFT, = f(<a, b> & <max(b, ¢), min(a, d)>) -5 <, d>
Proof: V(1A 3 1B 3 ({7A D B} D A)} = <minfa, max{b, <)), max(k, min(a, d))> - <¢, d>
S (2b. aracd, £31={<1-(1-a).88(b-¢), &.35(b-0).83(d-2a)r=<a, b = <max(b, ¢, min(a, d)), minfa, d, max(p, <))>.
s ci-f1-a).s8(1-{1-2).8a(b-c)-a).33((1-a).89(1-(1-a).89(b-c)-a)~ From
{1-dy.sg{b-d)1, b.sa(1-{1-a).59(b-¢)-a).sg{b-d.8g(b-¢).38(d-2)) max(b, ¢, min(a, d)) 2 min(a, d) ! min(a, d, max(b, ¢)) .
VSC_H(FB).59(1'!i'6\.SG(D-C\’ﬂ)-(I'd).S’A(D'Gl),SQ(D.SG“"“'B)- follows that A & (A D B)) DB is an IFT.
=g (b-c)-a) . 8g(b-d.3g(b-¢) 89 (d-2a)) -¢.29(b-d) . 8g(c-a))> and: THEOREM 3.3: A 2 (1A D B) is an IFT.
Y-f1-a).88(1-(1-a).8g(p-¢3-a).8g({1-a).36(1-(t-a).8g(b-¢c)-a)- Proof: V(A > (WA D B))
(1-d).s9(b-d)) - b.3@(1-{1-a).sa(b-¢)-a).89(b-d.8g(b-c).sg(d-a)) = 2@, br 3 <max(a, £), min(b, &
.Sg((i-a).Sg(i-(lva).Sg(bfcl-ﬂ)‘(hd)-Ss{b-d)).SQ(D-SGH-("B)- = <max(a, b, ¢}, min{a, b, di>
ag(b-¢)-a).3g(b-d.89(b-¢),8g(d-a))-¢.3g(b-d).8a(c-2)) The valig¢ity of the assertion follows from the inequations:
i? b > ¢, from: sg(1-(1-a).sg(b-¢)-a) = sa(i-(i-a)-a) = O: maxia, b, 2) ! a  min{a, b, &
= <1, 03
if b ol
s |-(|-8).sg((ha)-(!vd).s'g(bfd))-b.sg(i-a).s-a(ha-(\—d).sg(bvd)) REFERENCES:
,8g(b.sg(1-a)-¢c.5g(b-d).9g(c:a)) £1j Atanasscv K. Twe variants of intuitionistic fuzzy propositio-
if b o> odr nal calculus, Preprint AM-MFAIS-5-88, Sofia, 1988.
1 a-b.sg(1-a).88(b.sg(1-a)-¢.80(¢c-a)) [2] Feys R., Modal logics, Paris, 1965.
if ¢ oal » [31 Mendelson E.. Introduction to mathematical logic, Princeton,

NJ: D. Van Nostrand, 1964,

= a-b.sg(1-a).sg(b.sg(1-a)-¢) 2 a-b.3g(b-¢)= a
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