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Introduction

The paper is a continuation of previous author’s research. In it,
examples of Modal Topological Structures (MTSs) with elements
from the area of intuitionistic fuzziness are described. Here, new
examples related to the extension of the MTSs called
Multi-Dimensional MTSs (MDMTSs) are introduced.

In Section 2 we give short remarks on MDMTSs, Intuitionistic Fuzzy
MDMTSs (IFMDMTSs) and Extended Intuitionistic Fuzzy IMs
(EIFIMSs). In Section 3 we give 16 IFMDMTSs based on EIFIMs.
Finally, in the Conclusion we discuss some other possible applications
of the IFMDMTSs.



Preliminaries
Below, we will give some definitions related to MDMTSs and EIFIMs.
Definition of the Multi-Dimensional Modal Topological
Structure
First, we will define the concept of a MDMTS, or, when the number
of the dimensions is determined, e.g., as s > 1 for some natural
number s — as s-dimensional MTS (s-DMTS).
Let for the arbitrary set Z we define

P(Z) ={Y|Y C Z}.

Let us have the fixed sets X7, - - - X, where the natural number s > 1.
Let

<’P(X1)’ 57 <7 *7 ,'7>7

(P(X5),€,¢ %)

be given, where for each r (1 < r < s), the object (P(X,),&,(, *,n)
is a MTS.



Now, following the definition of a topological structure and the
definition for a MTS, we construct the object

<7D(X1 X X XS)757C8)*7778>

that will denote as an s-Dimensional(x, 7s)-Modal(¢y, (s )-Topological
Structure (s-D(x, 7s)-M(¢p, (5)-TS) or (more general)
multi-Dimensional(x, 7s)-Modal(¢p, (s )-Topological Structure

(mD(x, ns)-M(¢p, (5)-TS), where for A, B € P(X; x --- x X):



o (s (Xpx o xX)x(Xyx--xXg) = X1 x---xXgisan
associative operation, being a generation of the function ( in the
following, for example, sense: if

G(ar,a2) = ((a1,a2) = araz = Haz,
then

S
Cs(ab' o 7as) — Hala
i=1

£ is a topological operator and if it is from closure (cl) type, then
it must satisfy the conditions

Ctl  E(A(B) = £(A)CE(B),
Ct2 ACE(A),
C E(£(4) = £(A),

Ctd E(O1 x -+ x05) =01 X -+ x O,

where O, is the minimal element of P(X,) for 1 <r <s,

O = 01 X --- x Oy is the minimal element of the set

P(X1 x -+ x Xg), and if it is from interior (in) type, then the
topological operator £ must satisfy the conditions



4 E(X) x - xX;)=X1 X x Xg;

o s (Xp X X Xg) X (Xy x-xXg) = Xy x---x Xgisan
associative operation being a generation of the function 7 in the
above, for example, sense: if

n2(a1, az) = n(ar, az) = min(ar, az) = min a;,

then

ai, -+ ,0s) = min a;;
T’S( b 9 S) ISiSS 19

e *is a modal operator and if it is from closure (cl) type, then it
must satisfy the conditions



Cml *(AnsB) = xAns x B,
Cm2 A C %A,
Cm3 *xxA=x%A,

and if it is from interior (in) type, then it must satisfy the conditions
Iml  x(AnsB) = *An, * B,

Im2 *xACA,

Im3 **xA=xA;



e x,p €{cl,in},
e both operators (topological and modal) must satisfy the condition

*E(A) = E(xA). (%)

We can see immediately that when s = 1, (2 = (, 2 = 7, we obtain
the definition of a MTS.

If we add as an additional conditions the operations (s and 7, to be
commutative and for every 7, j (1 < i < j < s) and for each

Ap x - X Ag € P(Xy x -+ - x X,):

E(Arx- - Ajx - xAjx- - xAg) = E(A1 X Ajx- - x Ay - X Ay),

()
then the MDMTS will be called a commutative MDMTS.



When F = Fq x --- X E,, where Eq, - - - , E are fixed universes, and
for each its subset A we can construct the IFS (more exactly - multi-
(or s-)dimensional IFS

A* = {<$7:u14(xlv"‘xs)vyA(xla” x5)> ‘ <$1,-"x5> € E}v

then
<7D(E1 XX E5)757C57*7778>

is an IFMDMTS.



Short remarks on EIFIMs

Let I be a fixed set. By EIFIM with index sets K and L (K, L C I),

we denote the object:

[K*v L, {<Hki7lj7 Vki7lj>}] =

l17<af75%> l]7<afaﬂjL> ln,<&£,ﬂ£>
ki Aol B | (s Vion) - (Bt Vkaly) (Hey 1> Vky 1)
ki, <O‘z'K7 BzK> (Mkhh ) sz‘7l1> ce <:uk¢,ljv Vk'i:lj> <M/€¢,ln7 l/kiyln>
Koms (s Bon ) | Bk s Ve ) <+ (Bl s Vo 1) (Kbl > Vg 1)



where
K = {kla k?a ey km}a

L: {ll,lg,...,ln};
K* = {<k17azK7BzK>|kl € K} = {<klvazK7ﬂzK>|1 << m}7
L = {{lj,af, Bl € Ly = {{lj, o, B})1 < j < n}
are [FSsand forevery 1 <i: <m,1 < j <n:
Mki,ljayki,lj7/j’ki,lj + Vk’i7lj € [07 1]7

o B0 + B € 10,1,

)

af, By, ok + pleo,1].



For the EIFIMs
A= K" L {1y Veat) 1

B = [P*,Q*; {<ppr,qs7apr7Qs>}]’

we will introduce only these operations, relations and operators that
are necessary for the current research.



Addition-(max,min)

A e‘B(max,min) B = [T*7 v, {<(ptu7'vw ) wtu,’vw>}]7

where
T* = K*UP* = {{tu, (o, BE) v (ol B]))tu € K U P},
= {{tw, ol BD)|tu € K U P}
V* =L UQ" = {{vw, (oh, BE) V (o, B2)vw € LUQY,

= {<Uw7a57ﬁx>|vw eLU Q}7



where

ok,

T
al =¢ ol

max(aiK, al),

L
j 9

v
61” - /897

min(3F, 52),

and

ift,e K—P
ift, e P— K |,
ift,e KNP
ifv, € L—Q
ift,ec@Q@—-L ,
ifty, e LNQ



<<lotuva ’ ¢tuva> =

(k15 Vi 1)

<ppT7(Is ) Upr7QS > )

<maX(Mki,lj ) ppr,qs)v
min(ykiylj ) UPrJIs)>7

(0,1),

ift, =k; e K
andv, =1l; € L—Q
orty,=k;ie K—P
and v, = I € L;

ift,=p. € P
andvy, =qs € Q — L
orty=pr € P—K
and vy, = g5 € Q;

ifty,=ki=p. € KNP
andv, =l =¢q¢s € LNQ

otherwise



Addition-(min,max)

A 6B(rnin,max) B = [T*a V*7 {<90tu,vw ’ wtu,vw>}]7

where T*, V* ol Bx , have the above forms and

(k5 Vi 1) ift, =k € K
andv, =1l; € L—Q
orty,=k;i e K—P
and v, =l € L;

<ppT7QS70-pr7qs>7 if t’u = Pr S P
andv, =¢qs € Q — L
orty =pr € P—K
and v, = ¢s € Q;

<<lotuva ) ¢tuva> =

<min(uki,lj7ppr,qs)7 ifty,=ki=p- € KNP
(Vi iy 0 )y and vy = — g, € L Q

<07 1>7 otherwise



Termwise multiplication-(max,min)

A ®(max,min) B = [T*’ V*a {<90tu,vw ’ wtu,vw>}]7

where
T =K*NP* = {{tu, (o), B )&(ay, B)))|tu € K U P},
= {{tu, oy, B)|tu € KU P}
V=L N Q" = {(vu, (af, BE& (0, B2))lvw € LUQY,

= {<Uw,a1‘;,ﬁx>|vw € LUQ},

= min(aK af), fort, =ki=p € KNP,

T
Qy, i

By =min(Bf, BL), forvy =1l =¢, € LNQ

and

<80tuva 9 ¢tu,vw> = <ma‘X(luki,lj ) pp7‘7QS)’ mln(l/k-“l] ) UpT7QS)>'



Termwise multiplication-(min,max)

A B(minmax) B = [T, V", {{btu,00s Vtu,00) }s
where T, V*, o', BV have the above forms and
<80tu,vw s Pty ow) = <min(ﬂki,lj ) Ppr,qs)7 maX(Vki,lj ) Upr,qs»-
Let
K* C P*iff (K C P) & (Vk; = pi € K)((of < af) & (8] > B])),
K* C P*iff (K C P) & (Vki = p; € K)((af < of) & (BE > ).



Let the two EIFIMs A and B be given. We shall introduce the
following definitions for relations over EIFIMs, where C and C
denote the relations “strong inclusion” and “weak inclusion”,
respectively. We must mention that in the present form, they are new
and extend existing definitions given in [?].

The strict relation “inclusion about dimension'' is

AcygB iff (K*C P*) & (L* € Q) V ((K* C P*) & (L* C Q"))
V((K* € P*) & (L* € Q%)) & (Vk € K)(VL € L)(({af, BF)
(o, BE) = (af, B)) & (s vit) = (Pt oxa)).



The non-strict relation “inclusion about dimension'' is
ACyB iff (K*CPH&(L*CQ*) & (Vke K)(VieL)
(o ) = (o . BD) &l BF) = (o, 7))
& (s viet) = (Prts Ok)))-
The strict relation “inclusion about value' is
Acy, B it (K*=P)&(L*=Q*) & (Vke K)(Vl € L)
(o, ) = (af BD)) &l(af, BF) = (o, B7))
& ((pkts Viet) < (Pits ki)



The non-strict relation “inclusion about value' is
AC,B iff(K*=P)&(L*=Q") & (Vke K)(Vle L)
(o, BF) = (o, B)) & ((ngs vier) < (prg, on))-
The strict relation “inclusion about indices'' is
AC;, B iff(K*=P)&(L*=Q") & (Vke K)(Vl € L)
(o, B < (af. B)) &(af . B1) < (o, B1))
& ((pe,ts Vi) = (Pk,d> ok)))-



The non-strict relation “inclusion about indices' is
AC B iff (K*=P")&(L*=Q") & (Vke K)(Vle L)
(o, BEY < (af, BD)) &((af, BF) < (o, B7))
& ((ptes Vi) = (Pr,s Ok 1))



Now, we can introduce combinations of these relations in the forms

ACqy B
ACy, B
ACq; B
ACy; B
ACy; B
AC,; B
ACB

ACB

ff(AcyB)& (A C, B),
ff(ACy B) & (AC, B),
ff (ACqB) & (AC B),
ff (ACy B)&(AC; B),
ff (ACy B) & (A G B),
ff(AC, B) & (AC; B),
f(AcyB)& (AC, B) &
T(ACyB)& (AC, B) &

(A i B)7
(AC; B).



Extended intuitionistic fuzzy index matrices as
multi-dimensional modal topological structures
Let us have two sets of indices I; and I> and a universe E. Let
I7 = {(i1,1,0)|i; € L1},
I} = {lis, 1,0)]is € I},
E* = {I},I},(x,1,0)|z € E},
O ={I},I5,(z,0,1)|z € E}.

These sets are IFSs and for them, similarly to [?], we can construct the
IFMTSs

(PUT), €, ¢, %,m),

(P(I3),€,¢,%,m),

(P(E7),&,C,%,m),
where € € {C,Z}, x € {0, <}, ¢ and i are functions and C,Z, O,
are the standard intuyitionistic fuzzy topological (from closure and

interior type) and modal (from necessity and possibility type)
operators, respectively.



Therefore, we can construct the object
(P(IF x I3 x E*), &, (3, %,m3).
The elements of the set P(I x I3 x E*) are IFSs with the form
A = (i, of, B, iy o, BE)), i, 1), v (i, 1) | (B, 1) € KLY,

where K* C Z7 and L* C Z3.
Now, we can construct the EIFIM

A= [K*,L*, {<,u(ki,li),1/(ki,li)> | ki € K,l; € L}]



It is interesting to mention that in the previous research we perceived
the set I; x Iy as one set, while below we will perceive the object

It x I3 x E* as a Cartesian product of three sets.

Obviously, the EIFIM A is another form of the IFS A*. Therefore, on
it we can define topological and modal operators as follows:



C(A) = [{{ki, sup af , inf B{%)|k; € K}, {{lj,supaf, inf 51)|l; € L},
keK kek leL leL
{<<k,l)sglngM(k,l)7 <k7l>1é1[f(XLl/(/~c,l)) | ki € K,l; € L},
Z(A) = [{(hs, jnf o', sup B) ks € K}, {{1;, inf of',sup 1O; € L,
{<<k,z>i§1f<xL“(k’ D), <k,z§§zngV(k’ D) | ki € K,lj € L}],
DA =[{{k,al,1 -k e K},{(l,aF,1-aF)|l € L},
{(uk, 1), 1 = pu(k, 1))} | k € K.l € L},
QA =[{(k.1— B, Bk € K}, {{1.1 = B, B € L},
{(u(k, 1), 1 = u(k, 1))} | k € K, € L}].



It is important to mention that in the previous research we perceived
the set I; x Iy as one set, while below we will perceive the object

I} x I3 x E* as a Cartesian product of three sets. In addition, these
sets are such that just as a topological or modal operator can be
defined over each of them separately, the same can be done over their
product. Therefore, in the sense of the definition from Section 2.1, the
structure will be 3-dimensional one.

Now, we can prove the following assertion.

Theorem 1. For every three IFSs I, 12, E*:



(1) (P(If x I3 x E*),C,®v, {, ®v) is an IF3ADMTS,
(2) (P(If x I5 x E*),C,®v, <, ®a) is an IF3DMTS,

(3) (P(IF x I x E*),C, @&y, O,y is an IF3DMTS,

o) (P
(6) (P(If x I} x E*),C,®y, <, @) is an IFBDMTS,

x I3 x E*),C,®y, {, ®yv) is an IF3BDMTS,

(
(17
(
4) (P(If x I} x E*),C,®y, O,®,) is an IFBDMTS,
05
Uk
(7) (P(If x I} x E*),C,®y, O, ®y) is an IF3DMTS,
(

(8) (P(IF x I x E*),C, @y, O,&,) is an IF3DMTS,



€))
(10)
(11)
(12)
(13)
(14)
(15)
(16)

x I3 x E*), I, &, <, ®y) is an IF3ADMTS,
x I3 x E*),T,®n, <, @) is an IFBDMTS,
x I3 x E*),Z,®a, O,®y) is an IF3DMTS,
x I3 x E*),Z,&p, O,®n) is an IF3DMTS,
X I3 x E*),Z,®&u, <, Byv) is an IFBDMTS,
x I3 x E*),Z,®n,<, @) is an IF3ADMTS,
x I3 x E*),Z,®x, O, ®y) is an IF3ADMTS,

x I3 x E*),Z,®n, O,®n) is an IF3DMTS.



Proof.

Let the sets I, I3 and E* be given and let
A= [K* L% {(u(k, 1), v(k, D) | k € Kl € L}Y] € P(I} x I3 x E*),

B =[P*,Q", {{ulp,q),v(p.q)) |p € P,q € Q}) € P(I} x I3 x E¥).

We must mention that objects {(u(k,1),v(k,1)) | k € K,l € L} and
{{u(p,q),v(p,q)) | p € P,q € Q} that are the elements of EIFIMs
can be interpreted as IFSs. Then for example for (1) we can check the
conditions that the object is an EIFMTS as follows



Ctl Forevery two IFSs X and Y: C(X UY) =C(X)UC(Y) and
from this equality it follows:

C(Ady B) =C([K* U P*, L* U Q" {{u(k,1),v(k, 1) vV (u(p, ), v(p, 0)) |
k,pe KUP;l,qge LUQ}])

= [C(K* U P*),C(L*UQ*),{( sup max(p(k, 1), p(p, q)),
k,pe KUP,|l,qe LUQ

inf in(v(k, 1 kpc KUP:l,qc LU
k,peKUIIIDl,l,qeLUlen(y( 1), v(p,q)) | kp e i1, € LUQY]

= [C(K")uC(P*),C(L")uC(Q"), {(max( sup u(k,0), sup pu(p,q)),
(k,l)EK XL (p,q) EPXQ

i inf k1), inf , keK,lclL
mln(<k7l>1ngLV( ) <p,q>12pxg”(p 9))) | 3

= [{C(K™*),C(L*),{( sup p(k1), inf wv(k1))|keK,leL}
(k,YEK XL (k,l)eK XL

v[C(P*),C(Q"),{( sup wu(p,q), inf v(p,q)))|pePqeQ}
(p,g)EPXQ (P.0)EPXQ

=C(A) ®y C(B);



Ct2 Foreach IFS X: C(C(X)) = C(X) and from this equality it
follows:

c(c(4))

=C([C(K*),C(L*),{( sup p(k,), inf w(k1))|keK,leL})
(k,)EK XL (k,l)eKXL

= [C(C(K™)),C(C(L*)),{( sup sup  p(k, D),
(p,a) K XL (k1)eK x L

inf inf  v(k,0)|keK,leL}
(p,@) €K XL (k1)EK X L

= [C(K*),C(L*),{( sup p(k,0), inf w(k1)|keK,l€eL}
(k,)eEK XL (k,l)eK XL

=C(A);
ct3
A = [K* L kD), vk, D) | k€ K1 € L)]

Coi [C(K*),C(L*),{( sup p(k,0), inf wv(k1))|keK,leL}|)
(k,YEK XL (k,l)eKxL

= C(A);



Ct4

C(O*) =IC(I}),C(I3),{( sup 0, inf 1)|keK,le L}
(kleKxL (kDEKXL

=11, 5,{(0,1) [k € Kl € L}]

Cml Forevery twoIFSs X and Y: (X UY) = OX UQY and from
this equality it follows:

O(Ady B)

=[O U P"), &L uQr), O{((max(u(k, 1), u(p, q)), min(v(k, 1), v(p, ))))
k,pe KUP;l,qe LUQ}|

= [OK*USP, OLY UGQ™, {(1 — min(v(k, 1), v(p, q)), min(v(k, 1), v(p, q)))
k,pe KUP;l,qe LUQ}|

= [OK*UOP*, OL* UOQ*, {{(max(1 — v(k,l),1 —v(p,q)), min(v(k,1),v(p,
k,pe KUP;l,qge LUQ}|

= [K*, L*, {(1 —v(k,l),v(k1)) | k€ K,l € L}]
Sv[P*, Q" {{(L —v(p,q),v(p,q)) | p € P,qg € Q}]

=AY OB;



Cm2 As itis proved in [?], for each IFS X:
POX =0X
and from this equality it follows:

OOA = OQ[OK*, OL*, O{(u(k, 1), v(k, 1)) | k € K,l € L}]
= [OOK", OO L, {1 —v(k, 1), v(k, 1)) | k € K,l € L}]
= [OK*, O L, {(1 —v(k,l),v(k,1)) | k € K,l € L}])
= O4;
Cm3
A = [K* L* {{uk,1),v(k,) | k€ K,l € L}]
Coi [OK" QLY {1 —w(k,1),v(k,0)) | k € K,l € L}]
= OA.



Cm4
OE* =Ol1,13,0{(1,0) [k € K,l € L}]

— 15,55, {(1.0) | k € K, € L}]
= F*,

(*) Foreach IFS X: C($X) = {C(X) and from this equality it
follows:

C(OA)) =C([OK*, L {(1 - v(k,1),v(k,1)) | k € K.l € L}))
[COK™),C(OL"), {( sup (1 —v(k,1)),

(k,l)eK XL
<k7l>1é1]f(XLl/(k,l)> | ke K,l € L}])
= * L* 1—  inf 1-
0C(K),0C(LY).A{L = | inf (1= v(k,D).

inf k1) | ke K,le L
B VRD) k€ K€ L))

= OC(A).

The remaining 15 assertions are proved in the same manner.



Obviously, if Z* = Z7 U Z3, the above theorem can be modified to the
form for the case of IM2DMTS.



Intuitionistic fuzzy interpretation of multi-person
multi-criteria decision making procedures

In a previous research, a very general multi-person multi-criteria
decision making procedure is described. We will use it as a basis of
the next research in which elements of this procedure will be used.
Let us have e experts X1, X9, -- , X, who must evaluate (on first
step) only one object, using ¢ criteria C1,Co, - -+ , C..

Let each expert have his/her own (current) reliability score in the form
of an IFP (;, ;) and his/her own (current) number of participations in
expert investigations y; (these two values correspond to his last expert
estimation). Expert’s reliabiliy scores can be interpreted, e.g., as

e

Oij D Eiyj
(6i,c1) = <j‘1 = >

e e

where (J; j,€; ;) are elements of the IM



X1 Xo Xe
Cq
(055 €i5)
Co
T= (1<i<e
1<j<e)
CC

and (6; j,€; ) is the score of the i-th expert with respect to the j-th
criterion (we assume that ¢-th expert’s knowledge reliability may differ
over different criteria; the case when the expert is equally good a
specialist with respect to the different criteria is a special one).



Now, we can construct an EIFIM

X1,<51,51> Xja<6j>5j> Xe,<5e,se>
Cla<a1>ﬁl> <MC'1,X11VC1,X1> <,UCLX]'7V01,X]-> <,u01,XeaVC1,Xe>
Ci7 <04i75i> <MC¢,X1aVCi,X1> cee </"LCi7Xj7VCi,Xj> <MC¢,XeaVCi,Xe>
CC? <aC7 6C> <IuC(;aX1’ l/Cc,X1> e <IU’CC7Xj7 VCC7Xj> e <ILLCC7X€’ VC(:vX€>



Having in mind the results from Section 3, we see that object

(P(C* x X* x E*),E,(,*,n) is an IFBDMTS, where € € {C,Z} is
one of the topological operators, * € {0, {} is one of the modal
operators, ¢,n € {V,A} and

X" ={{X;,05,e5)|1 <j<e},
E* = {<<Cian>7MC,-,Xj7VCi,X]->|1 <i<el<y< 6},
are IFSs



Now, we can take the next step — the experts will evaluate many
objects, e.g., s in number — S = {S1, S92, -+, Ss}}. In this case the
EIFIM will be 3-dimensional (see Fig. 2).

S

Fig. 2: A 3-dimensional EIFIM



The g-th level of this parallelepiped, where 1 < ¢ < s will be related
to the experts’ evaluations of the object S, and will have the form

S, X1, (01,€1) X, (0j,€5)
Cr, (a1, B1) | (Hey,x1,5, V01, X1,5) -+ (HO1,X;,84) VO, X,5,)
Ciy (@i, Bi) | (MCi,X1,50> VCi,X1,84) -+ (HC:1,X;,8q> VO1,X;,5,)
Cey (e, Be) | (MO X1,805VCe,X1,5q) -+ (HCe,X;,545 VCeX;,5,)



In this EIFIM the set

S* = {<Sq7§0q7¢q>’1 <qg< 3}

is an IFS and the object (P(C* x X* x S* x E*),&,(,*,n) is an
IFADMTS.



Conclusion

We will finish the present paper with short remarks for a future
research.

First, we can further complicate our construction by introducing a
time components. In a result we will obtain the [FADMTS

P(C* x X* x T x E*) in which only the time-scale 7" will be not
intuitionistic fuzzified.

Second, over the set P(C* x X* x E*) or P(C* x X* x §* x E¥)
we can apply the level operators introduced over IFSs, IFIMs and
EIFIMs. In this case, we can construct IFMDM_level TS, that will be
an extension of the IFMLTS.
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