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Abstract: In this paper an optimal control algorithm for E. coli fed-batch fermentation has 
been developed. A simple material balance model is used to describe the E. coli fermentation 
process. The optimal feed rate control of a primary metabolite process is studied and a 
biomass production is used as an example. An optimization of a fed-batch fermentation 
process is usually done using the calculus of variations to determine an optimal feed rate 
profile. In the optimal control literature the problem is formulated as a free final time 
problem where the control objective is to maximise biomass at the end of the process. The 
obtained optimal feed rate profile consists of sequences of maximum and minimum feed 
rates. The obtained results are used for optimization of E. coli fed-batch fermentation and 
the presented simulations show a good efficiency of the developed optimal feed rate profile.  
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Introduction 
Cultivation of recombinant micro-organisms e.g. Escherichia coli, in many cases is the only 
economical way to produce pharmaceutical biochemicals such as interleukins, insulin, 
interferons, enzymes and growth factors. To maximize the volumetric productivities of 
bacterial cultures it is important to grow E. coli to high cell concentration. From different 
modes of operation, (batch, fed-batch and continuous), fed-batch operation is often used in 
industry due to its ability to overcome catabolite repression or glucose effect which usually 
occur during production of these fine chemicals. Moreover, fed-batch operation also gives the 
operator of freedom of manipulating the process via substrate feed rate. This sets the 
challenge to control and optimize fed-batch fermentation processes. 
 
Optimization of fed-batch fermentation processes has been a topic of research for many years. 
Control opportunities in fed-batch operated fermentations have been reviewed in detail in a 
number of articles. It is well known that the design of high-performance modelbased control 
algorithms for biotechnological processes is hampered by two major problems which call for 
adequate engineering solutions. First, the process kinetics are too often poorly understood 
nonlinear functions, while the corresponding parameters are in general time-varying. Second, 
up to now there is a lack of reliable sensors suited to real-time monitoring of the process 
variables which are needed in advanced control algorithms. Therefore, the earliest attempts to 
control of a fermentation process did not use model at all. 
 
High control algorithms, such as variable structure systems, etc., are elaborated to get over 
difficulties like measuring of the process variables and strongly time-varying parameters [2, 3, 
7]. In this paper, an optimal control of the primary metabolite fermentation process, based on 
an optimal feed rate profile, is developed. The approaches used by many research groups to 
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determine the substrate feed rate profile that optimises a desired objective function, are 
usually based on the calculus of variations [4, 5, 6, 8, 11, 12]. A biomass production is used as 
an example for the primary metabolite production process and the objective function is, 
therefore, to maximise biomass concentration at the end of the process. The mathematical 
representation of E. coli fed-batch fermentation process is developed in [1] and the optimal 
feed rate sequences that optimise this process is then formulated. 
 
Description of the process 
The cultivation of E. coli MC4110 is performed in a 2l bioreactor (Bioengineering, 
Switzerland), using a mineral medium [1], in Institut für Technische Chemie, Universität 
Hannover. Before inoculation a glucose concentration of 2.5 g/l is established in the medium. 
Glucose in feeding solution is 100 g/l. Initial liquid volume is 1350 ml, pH is controlled at 6.8 
and temperature is kept constant at 350C. The aeration rate is kept at 275 l/h air, stirrer speed 
at start 900 rpm, after 11h the stirrer speed is increased in steps of 100 rpm and at end is 1500 
rpm. Oxygen is controlled around 35%. 
 
The mathematical model of fed-batch fermentation of E. coli can be represented by the 
following dynamic mass balance equations: 
 

max
S

dX S Fµ X X
dt K S V

= −
+

  (1) 

 

( )1
max in

XS S

dS S Fµ X S S
dt Y K S V

= − + −
+

 (2) 

 
dV F
dt

=   (3) 

 
where: X is the concentration of biomass, [g/l];  
S - concentration of substrate (glucose), [g/l];  
F - feeding rate, [l/h];  
V - bioreactor volume, [l]; 
Sin - concentration of the feeding solution, [g/l];  
µmax - maximum growth rate, [h-1];  
Ks - the substrate concentration at which half the maximum specific growth rate is obtained 
(µ=0.5µmax), [g/l];  
YXS – the yield of cell mass from substrate, [g cell/g substrate]. 

 
Development of an optimal feed rate control 
Problem statement 
The fed-batch fermentation is constrained by the restrictions of permissible final volume Vf at 
the time of the end of the process tf, and minimum and maximum of substrate feed rates:  

 
0 ≤ F ≤ Fmax (4) 
 
V(tƒ) = Vƒ (5) 
 



BIO

Autom
ati

on

Bioautomation, 2005, 2, 30-36 ISSN 1312-451X 
 

 32

The aim of this primary metabolite (biomass) production is to maximise the biomass 
concentration (X) at the end of the fermentation process using substrate feed rate (F). This 
task can be transformed into an objective function as [12]: 

 

( ) ( )
0

t

f t
J F X t dtε= + ∫   (6) 

 
Here ε is the cost factor per unit of operating time. In case of non-monotonic growth kinetics, 
it is noticed [11] that without the presence of cost factor, the necessary condition for the 
singular period can not be specified. However the considered growth kinetics in the model of 
E. coli (1) – (3) does not require the existence of singular feed rate [9], the cost factor is added 
to objective function J (6) for a completeness.  
 
The state optimization problem can be solved using the calculus of variation [12]. Due to the 
specific structure of the model (1) – (3), a Hamiltonian equation which is affine in the control 
input is obtained. Therefore, for this process the Hamiltonian equation can be written as: 

 

X max
S

S FH µ X X
K S V

ε λ
⎛ ⎞

= − + − +⎜ ⎟+⎝ ⎠
 

 

( )1⎛ ⎞
+ − + − +⎜ ⎟+⎝ ⎠

S max in
XS S

S Fµ X S S
Y K S V

λ  (7) 

 
+ V Fλ  
 
and the costate equations: 
 

1
X X max S max

S XS S

H S F Sµ µ
X K S V Y K S

λ λ λ
• ⎛ ⎞∂
= − = − − +⎜ ⎟∂ + +⎝ ⎠

 (8) 

 

( ) ( )2 2
1max S max S

S X S
XSS S

µ K X µ K XH F
S Y VK S K S

λ λ λ
• ⎛ ⎞∂ ⎜ ⎟= − = − + +

⎜ ⎟∂ + +⎝ ⎠
 (9) 

 

( )2 2V X S in
H XF F S S
V V V

λ λ λ
• ∂
= − = − + −

∂
 (10) 

 
The transversality or final conditions can also be written as: 

 

( ) ( )1 and 0
f

X f S f
t

Jt t
X

λ λ∂
= = =
∂

 (11) 

 
The optimal feed rate sequences are then calculated from Equation (12) in which the sign of Ψ 
is used to indicate the period of maximum, minimum or singular feed rate. As a result, the 
optimal control is of the bang-bang type, with the possibility of singular arcs depending on the 
value of Ψ. 
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( )in

X S V

S SH X
F V V

λ λ λ
−∂

= − + + = Ψ
∂

  (12) 

 
if Ψ < 0 then F = 0 
if Ψ > 0 then F = Fmax 
if Ψ = 0 then F = Fsing 

 
The singular feed rate (Fsing) can be determined by differentiating equation (12) until feed rate 
(F) reappears in the equation. In the case of considered Monod growth kinetics Ψ≠0 [9], 
therefore there is no Fsing. 

 
Simulation results 
The simulations of the process model (1) – (3) with the developed optimal feed rate profile 
are done. The used values of the model parameters are presented in Table 1. 

 
Table 1. Numerical values of stoichiometric and kinetic coefficients in the model 

 

Coefficient µmax Ks YXS 

Value 0.59 h-1 0.045 g/l 2.00 gg-1 
 

The initial conditions of the process variables and the concentration of the feeding solution 
are: 
 
X(0) = 1.252 g/l, S(0) = 0.812 g/l,  
V(0) = 1.350 l and Sin = 100 g/l. 
 
Three optimal feed rate profiles are calculated, respectively for Fmax = 0.13 l/h, Fmax = 0.17 l/h 
and Fmax = 0.23 l/h. The results for biomass concentration at the end of the process - X(tf), are 
listed in Table 2.  

 
Table 2. Numerical values of the concentration of biomass at the end of the process 

 

Feed rates X(tf) 

original feed rate  8.2074 g/l 

Fmax = 0.13 l/h 10.0763 g/l 

Fmax = 0.17 l/h 12.9603 g/l 

Fmax = 0.23 l/h 14.9613 g/l 
 

The biomass concentrations received with the different values for Fmax compared with original 
experimental data are presented in Fig. 1. Fig. 2 demonstrates the original feed rate. Fig. 3 
shows the optimal feed rate profile in case of Fmax=0.23 l/h, because two other optimal 
profiles at Fmax = 0.13 l/h and Fmax = 0.17 l/h are similar.  
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Fig. 1 
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Fig. 2 
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Fig. 3 

 
Presented results show that the developed optimal feed rate profiles lead to the increasing of 
biomass concentration at the end of the considered process with 18.55% in case of Fmax=0.13 
l/h, with 36.67% in case of Fmax=0.17 l/h and with 45.17 % in case of Fmax=0.23 l/h.  
 
Conclusion 
In this paper some optimal feed rate profiles for E. coli fed-batch fermentation have been 
developed. A simple material balance model is used to describe the E. coli fermentation 
process. An optimization of the presented fed-batch fermentation process is done using the 
calculus of variations. Control objective is to maximise biomass concentration at the end of 
the process. The obtained optimal feed rate profiles consists of sequences of maximum and 
minimum feed rates. The presented results and simulations show a good efficiency of the 
developed optimal feed rate profiles. The synthesized optimal control provides increasing of 
biomass concentration at the end of the considered process up to 45.17 %.  
 
However, an important drawback of the optimal control solution is that the optimal control is 
a very model sensitive technique. It requires a complete knowledge of the process model, 
including an analytic expression for all specific kinetics rates. Since in biotechnology this 
assumption is never fulfilled in practice, the optimal profile is generally calculated using a 
highly simplified model describing the process more or less correctly only from a qualitative 
view-point. Therefore, for future research, it is very useful to construct suboptimal strategies 
that do not suffer from the above difficulties. 
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